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This revised second edition of Computational Fluid Dynamics represents a
significant improvement from the first edition. However, the original idea
of including all computational fluid dynamics methods (FDM, FEM, FVM);
all mesh generation schemes; and physical applications to turbulence, com-
bustion, acoustics, radiative heat transfer, multiphase flow, electromagnetic
flow, and general relativity is maintained. This unique approach sets this book
apart from its competitors and allows the instructor to adopt this book as a
text and choose only those subject areas of his or her interest.

The second edition includes new sections on finite element EBE-GMRES
and a complete revision of the section on the flowfield-dependent variation
(FDV) method, which demonstrates more detailed computational processes
and includes additional example problems. For those instructors desiring a
textbook that contains homework assignments, a variety of problems for
FDM, FEM, and FVM are included in an appendix. To facilitate students
and practitioners intending to develop a large-scale computer code, an ex-
ample of FORTRAN code capable of solving compressible, incompressible,
viscous, inviscid, 1-D, 2-D, and 3-D for all speed regimes using the flowfield-
dependent variation method is available at http://www.uah.edu/cfd.

T. J. Chung is distinguished professor emeritus of mechanical and aerospace
engineering at the University of Alabama in Huntsville. He has also authored
General Continuum Mechanics and Applied Continuum Mechanics,both pub-
lished by Cambridge University Press.



To my family



COMPUTATIONAL
FLUID DYNAMICS

Second Edition

T. J. CHUNG

University of Alabama in Huntsville

SR
“'»‘ﬁ‘i‘f

P

CAMBRIDGE

UNIVERSITY PRESS



CAMBRIDGE UNIVERSITY PRESS
Cambridge, New York, Melbourne, Madrid, Cape Town, Singapore,
Sao Paulo, Delhi, Dubai, Tokyo, Mexico City

Cambridge University Press
32 Avenue of the Americas, New York, NY 10013-2473, USA

www.cambridge.org
Information on this title: www.cambridge.org/9780521769693

©T. J. Chung 2002, 2010

This publication is in copyright. Subject to statutory exception
and to the provisions of relevant collective licensing agreements,
no reproduction of any part may take place without the written
permission of Cambridge University Press.

First edition published 2002
Second edition published 2010

Printed in the United States of America
A catalog record for this publication is available from the British Library.

Library of Congress Cataloging in Publication data

Chung, T. J., 1929-

Computational fluid dynamics / T. J. Chung. — 2nd ed.
p. cm.

Includes bibliographical references and index.

ISBN 978-0-521-76969-3

1. Fluid dynamics — Data processing. 1. Title.

QA911 .C476 2010

532'.050285 — dc22 2010029493

ISBN 978-0-521-76969-3 Hardback
Additional resources for this publication at http://www.uah.edu/cfd
Cambridge University Press has no responsibility for the persistence or accuracy of URLs for external or

third-party Internet Web sites referred to in this publication and does not guarantee that any content on
such Web sites is, or will remain, accurate or appropriate.



Contents

Preface to the First Edition
Preface to the Revised Second Edition

PART ONE. PRELIMINARIES

1 Introduction
1.1 General
1.1.1 Historical Background
1.1.2 Organization of Text
1.2 One-Dimensional Computations by Finite Difference Methods
1.3 One-Dimensional Computations by Finite Element Methods
1.4 One-Dimensional Computations by Finite Volume Methods
141 FVM via FDM
142 FVMvia FEM
1.5 Neumann Boundary Conditions
1.5.1 FDM
1.5.2 FEM
1.5.3 FVM via FDM
1.54 FVM via FEM
1.6 Example Problems
1.6.1 Dirichlet Boundary Conditions
1.6.2 Neumann Boundary Conditions
1.7 Summary
References

2 Governing Equations
2.1 Classification of Partial Differential Equations
2.2 Navier-Stokes System of Equations
2.3 Boundary Conditions
2.4 Summary
References

PART TWO. FINITE DIFFERENCE METHODS

3 Derivation of Finite Difference Equations
3.1 Simple Methods
3.2 General Methods
3.3 Higher Order Derivatives

page xix
XXii

W W

N B~ W

11
13
13
14
15
15
16
17
17
20
24
26

29
29
33
38
41
42

45
45
46
50



3.4 Multidimensional Finite Difference Formulas
3.5 Mixed Derivatives

3.6 Nonuniform Mesh

3.7 Higher Order Accuracy Schemes

3.8 Accuracy of Finite Difference Solutions

3.9 Summary

References

Solution Methods of Finite Difference Equations
4.1 Elliptic Equations
4.1.1 Finite Difference Formulations
4.1.2 TIterative Solution Methods
4.1.3 Direct Method with Gaussian Elimination
4.2 Parabolic Equations
42.1 Explicit Schemes and von Neumann Stability Analysis
422 Implicit Schemes
4.2.3 Alternating Direction Implicit (ADI) Schemes
4.2.4 Approximate Factorization
4.2.5 Fractional Step Methods
42.6 Three Dimensions
4.2.7 Direct Method with Tridiagonal Matrix Algorithm
4.3 Hyperbolic Equations
4.3.1 Explicit Schemes and Von Neumann Stability Analysis
4.3.2 Implicit Schemes
4.3.3 Multistep (Splitting, Predictor-Corrector) Methods
4.3.4 Nonlinear Problems
4.3.5 Second Order One-Dimensional Wave Equations
4.4 Burgers’ Equation
4.4.1 Explicit and Implicit Schemes
4.4.2 Runge-Kutta Method
4.5 Algebraic Equation Solvers and Sources of Errors
4.5.1 Solution Methods
4.5.2 Evaluation of Sources of Errors
4.6 Coordinate Transformation for Arbitrary Geometries

4.6.1 Determination of Jacobians and Transformed Equations

4.6.2 Application of Neumann Boundary Conditions
4.6.3 Solution by MacCormack Method
4.7 Example Problems
4.7.1 Elliptic Equation (Heat Conduction)
4.7.2 Parabolic Equation (Couette Flow)
4.7.3 Hyperbolic Equation (First Order Wave Equation)
4.7.4 Hyperbolic Equation (Second Order Wave Equation)
4.7.5 Nonlinear Wave Equation
4.8 Summary
References

Incompressible Viscous Flows via Finite Difference Methods
5.1 General
5.2 Artificial Compressibility Method

CONTENTS

N N N
O 3 W

60

62
62

63
63
63
65
67
67
68
71
72
3
75
75
76
77
77
81
81
83
87
87
88
90
91
91
91
94
94
97
98
98
98
100
101
103
104
105
105

106
106
107



CONTENTS

5.3 Pressure Correction Methods
5.3.1 Semi-Implicit Method for Pressure-Linked Equations (SIMPLE)
5.3.2 Pressure Implicit with Splitting of Operators
5.3.3 Marker-and-Cell (MAC) Method

5.4 Vortex Methods

5.5 Summary

References

6 Compressible Flows via Finite Difference Methods
6.1 Potential Equation
6.1.1 Governing Equations
6.1.2 Subsonic Potential Flows
6.1.3 Transonic Potential Flows
6.2 Euler Equations
6.2.1 Mathematical Properties of Euler Equations
6.2.1.1 Quasilinearization of Euler Equations
6.2.1.2 Eigenvalues and Compatibility Relations
6.2.1.3 Characteristic Variables
6.2.2 Central Schemes with Combined Space-Time Discretization
6.2.2.1 Lax-Friedrichs First Order Scheme
6.2.2.2 Lax-Wendroff Second Order Scheme
6.2.2.3 Lax-Wendroff Method with Artificial Viscosity
6.2.2.4 Explicit MacCormack Method
6.2.3 Central Schemes with Independent Space-Time Discretization
6.2.4 First Order Upwind Schemes
6.2.4.1 Flux Vector Splitting Method
6.2.4.2 Godunov Methods
6.2.5 Second Order Upwind Schemes with Low Resolution
6.2.6 Second Order Upwind Schemes with High Resolution
(TVD Schemes)
6.2.7 Essentially Nonoscillatory Scheme
6.2.8 Flux-Corrected Transport Schemes
6.3 Navier-Stokes System of Equations
6.3.1 Explicit Schemes
6.3.2 Implicit Schemes
6.3.3 PISO Scheme for Compressible Flows
6.4 Preconditioning Process for Compressible and Incompressible
Flows
6.4.1 General
6.4.2 Preconditioning Matrix
6.5 Flowfield-Dependent Variation Methods
6.5.1 Basic Theory
6.5.2 Flowfield-Dependent Variation Parameters
6.5.3 FDV Equations
6.5.4 Interpretation of Flowfield-Dependent Variation Parameters
6.5.5 Shock-Capturing Mechanism
6.5.6 Transitions and Interactions between Compressible
and Incompressible Flows

108
108
112
115
115
118
119

120
121
121
123
123
129
130
130
132
134
136
138
138
139
140
141
142
142
145
148

150
163
165
166
167
169
175

178
178
179
180
180
183
185
187
188

191

vii



viii

6.5.7 Transitions and Interactions between Laminar
and Turbulent Flows
6.6 Other Methods
6.6.1 Artificial Viscosity Flux Limiters
6.6.2 Fully Implicit High Order Accurate Schemes
6.6.3 Point Implicit Methods
6.7 Boundary Conditions
6.7.1 Euler Equations
6.7.1.1 One-Dimensional Boundary Conditions
6.7.1.2 Multi-Dimensional Boundary Conditions
6.7.1.3 Nonreflecting Boundary Conditions
6.7.2 Navier-Stokes System of Equations
6.8 Example Problems
6.8.1 Solution of Euler Equations
6.8.2 Triple Shock Wave Boundary Layer Interactions Using
FDV Theory
6.9 Summary
References

Finite Volume Methods via Finite Difference Methods
7.1 General
7.2 Two-Dimensional Problems
7.2.1 Node-Centered Control Volume
7.2.2 Cell-Centered Control Volume
7.2.3 Cell-Centered Average Scheme
7.3 Three-Dimensional Problems
7.3.1 3-D Geometry Data Structure
7.3.2 Three-Dimensional FVM Equations
7.4 FVM-FDV Formulation
7.5 Example Problems
7.6 Summary
References

PART THREE. FINITE ELEMENT METHODS

8

Introduction to Finite Element Methods
8.1 General

8.2 Finite Element Formulations

8.3 Definitions of Errors

8.4 Summary

References

Finite Element Interpolation Functions
9.1 General
9.2 One-Dimensional Elements
9.2.1 Conventional Elements
9.2.2 Lagrange Polynomial Elements
9.2.3 Hermite Polynomial Elements
9.3 Two-Dimensional Elements
9.3.1 Triangular Elements

CONTENTS

193
195
195
196
197
197
197
197
204
204
205
207
207

208
213
214
218
218
219
219
223
225
227
227
232
234
239
239
239

243
243
245
254
259
260

262
262
264
264
269
271
273
273



CONTENTS

10

11

9.3.2 Rectangular Elements
9.3.3 Quadrilateral Isoparametric Elements
9.4 Three-Dimensional Elements
9.4.1 Tetrahedral Elements
9.4.2 Triangular Prism Elements
9.4.3 Hexahedral Isoparametric Elements
9.5 Axisymmetric Ring Elements
9.6 Lagrange and Hermite Families and Convergence Criteria
9.7 Summary
References

Linear Problems
10.1 Steady-State Problems — Standard Galerkin Methods
10.1.1 Two-Dimensional Elliptic Equations
10.1.2 Boundary Conditions in Two Dimensions
10.1.3 Solution Procedure
10.1.4 Stokes Flow Problems
10.2 Transient Problems — Generalized Galerkin Methods
10.2.1 Parabolic Equations
10.2.2 Hyperbolic Equations
10.2.3 Multivariable Problems
10.2.4 Axisymmetric Transient Heat Conduction
10.3 Solutions of Finite Element Equations
10.3.1 Conjugate Gradient Methods (CGM)
10.3.2 Element-by-Element (EBE) Solutions of FEM Equations
10.4 Example Problems
10.4.1 Solution of Poisson Equation with Isoparametric Elements
10.4.2 Parabolic Partial Differential Equation in Two Dimensions
10.5 Summary
References

Nonlinear Problems/Convection-Dominated Flows
11.1 Boundary and Initial Conditions
11.1.1 Incompressible Flows
11.1.2 Compressible Flows
11.2  Generalized Galerkin Methods and Taylor-Galerkin Methods
11.2.1 Linearized Burgers’ Equations
11.2.2 Two-Step Explicit Scheme
11.2.3 Relationship between FEM and FDM
11.2.4 Conversion of Implicit Scheme into Explicit Scheme
11.2.5 Taylor-Galerkin Methods for Nonlinear Burgers’ Equations
11.3 Numerical Diffusion Test Functions
11.3.1 Derivation of Numerical Diffusion Test Functions
11.3.2 Stability and Accuracy of Numerical Diffusion Test Functions
11.3.3 Discontinuity-Capturing Scheme
11.4 Generalized Petrov-Galerkin (GPG) Methods
11.4.1 Generalized Petrov-Galerkin Methods for Unsteady
Problems
11.4.2 Space-Time Galerkin/Least Squares Methods

284
286
298
298
302
303
305
306
308
308

309
309
309
315
320
324
327
327
332
334
335
337
337
340
342
342
343
346
346

347
347
348
353
355
355
358
362
365
366
367
368
369
376
377

377
378



12

13

11.5 Solutions of Nonlinear and Time-Dependent Equations
and Element-by-Element Approach
11.5.1 Newton-Raphson Methods
11.5.2 FElement-by-Element Solution Scheme for Nonlinear
Time Dependent FEM Equations
11.5.3 Generalized Minimal Residual Algorithm
11.5.4 Combined GPE-EBE-GMRES Process
11.5.5 Preconditioning for EBE-GMRES
11.6 Example Problems
11.6.1 Nonlinear Wave Equation (Convection Equation)
11.6.2 Pure Convection in Two Dimensions
11.6.3 Solution of 2-D Burgers’ Equation
11.7 Summary
References

Incompressible Viscous Flows via Finite Element Methods
12.1 Primitive Variable Methods
12.1.1 Mixed Methods
12.1.2 Penalty Methods
12.1.3 Pressure Correction Methods
12.1.4 Generalized Petrov-Galerkin Methods
12.1.5 Operator Splitting Methods
12.1.6 Semi-Implicit Pressure Correction
12.2 Vortex Methods
12.2.1 Three-Dimensional Analysis
12.2.2 Two-Dimensional Analysis
12.2.3 Physical Instability in Two-Dimensional
Incompressible Flows
12.3 Example Problems
12.4 Summary
References

Compressible Flows via Finite Element Methods
13.1 Governing Equations
13.2 Taylor-Galerkin Methods and Generalized Galerkin Methods
13.2.1 Taylor-Galerkin Methods
13.2.2 Taylor-Galerkin Methods with Operator Splitting
13.2.3 Generalized Galerkin Methods
13.3 Generalized Petrov-Galerkin Methods
13.3.1 Navier-Stokes System of Equations in Various Variable Forms
13.3.2 The GPG with Conservation Variables
13.3.3 The GPG with Entropy Variables
13.3.4 The GPG with Primitive Variables
13.4 Characteristic Galerkin Methods
13.5 Discontinuous Galerkin Methods or Combined FEM/FDM/FVM
Methods
13.6 Flowfield-Dependent Variation Methods
13.6.1 Basic Formulation
13.6.2 Interpretation of FDV Parameters Associated with Jacobians

CONTENTS

380
380

381
384
391
396
399
399
399
402
402
404

407
407
407
408
409
410
411
413
414
415
418

419
421
424
424

426
426
430
430
433
435
436
436
439
441
442
443

446
448
448
451



CONTENTS

14

15

16

13.6.3 Numerical Diffusion
13.6.4 Transitions and Interactions between Compressible
and Incompressible Flows and between Laminar
and Turbulent Flows
13.6.5 Finite Element Formulation of FDV Equations
13.6.6 Boundary Conditions
13.7 Example Problems
13.8 Summary
References

Miscellaneous Weighted Residual Methods

14.1 Spectral Element Methods
14.1.1 Spectral Functions
14.1.2 Spectral Element Formulations by Legendre Polynomials
14.1.3 Two-Dimensional Problems
14.1.4 Three-Dimensional Problems

142 Least Squares Methods
14.2.1 LSM Formulation for the Navier-Stokes System of Equations
14.2.2 FDV-LSM Formulation
14.2.3 Optimal Control Method

14.3  Finite Point Method (FPM)

14.4 Example Problems
14.4.1 Sharp Fin Induced Shock Wave Boundary Layer Interactions
14.4.2 Asymmetric Double Fin Induced Shock Wave Boundary Layer

Interaction
14.5 Summary
References

Finite Volume Methods via Finite Element Methods

15.1 General

15.2 Formulations of Finite Volume Equations
15.2.1 Burgers’ Equations
15.2.2 Incompressible and Compressible Flows
15.2.3 Three-Dimensional Problems

15.3 Example Problems

15.4 Summary

References

Relationships hetween Finite Differences and Finite Elements
and Other Methods
16.1 Simple Comparisons between FDM and FEM
16.2 Relationships between FDM and FDV
16.3 Relationships between FEM and FDV
16.4 Other Methods
16.4.1 Boundary Element Methods
16.4.2 Coupled Eulerian-Lagrangian Methods
16.4.3 Particle-in-Cell (PIC) Method
16.4.4 Monte Carlo Methods (MCM)
16.5 Summary
References

453

454
455
458
460
469
469
472
472
473
477
481
485
488
488
489
490
491
493
493

496
499
499
501
501
502
502
510
512
513
517
518

519
520
524
528
532
532
535
538
538
540
540

Xi



xii

CONTENTS

PART FOUR. AUTOMATIC GRID GENERATION, ADAPTIVE METHODS,
AND COMPUTING TECHNIQUES

17 Structured Grid Generation 543
17.1 Algebraic Methods 543
17.1.1 Unidirectional Interpolation 543
17.1.2 Multidirectional Interpolation 547
17.1.2.1 Domain Vertex Method 547
17.1.2.2 Transfinite Interpolation Methods (TFI) 555

17.2 PDE Mapping Methods 561
17.2.1 Elliptic Grid Generator 561
17.2.1.1 Derivation of Governing Equations 561
17.2.1.2 Control Functions 567
17.2.2 Hyperbolic Grid Generator 568
17.22.1 Cell Area (Jacobian) Method 570
17.22.2 Arc-Length Method 571
17.2.3 Parabolic Grid Generator 572
17.3 Surface Grid Generation 572
17.3.1 Elliptic PDE Methods 572
17.3.1.1 Differential Geometry 573
17.3.1.2 Surface Grid Generation 577
17.3.2 Algebraic Methods 579
17.3.2.1 Points and Curves 579
17.3.2.2 Elementary and Global Surfaces 583
17.3.2.3 Surface Mesh Generation 584

17.4 Multiblock Structured Grid Generation 587
17.5 Summary 590
References 590
18 Unstructured Grid Generation 591
18.1 Delaunay-Voronoi Methods 591
18.1.1 Watson Algorithm 592
18.1.2 Bowyer Algorithm 597
18.1.3 Automatic Point Generation Scheme 600
18.2 Advancing Front Methods 601
18.3 Combined DVM and AFM 606
18.4 Three-Dimensional Applications 607
1841 DVMin 3-D 607
1842 AFMin 3-D 608
18.4.3 Curved Surface Grid Generation 609
18.4.4 Example Problems 609
18.5 Other Approaches 610
18.5.1 AFM Modified for Quadrilaterals 611
18.5.2 TIterative Paving Method 613
18.5.3 Quadtree and Octree Method 614
18.6 Summary 615
References 615
19 Adaptive Methods 617

19.1 Structured Adaptive Methods 617



CONTENTS

20

19.1.1 Control Function Methods
19.1.1.1 Basic Theory
19.1.1.2 Weight Functions in One Dimension
19.1.1.3 Weight Function in Multidimensions
19.1.2 Variational Methods
19.1.2.1 Variational Formulation
19.1.2.2 Smoothness Orthogonality and Concentration
19.1.3 Multiblock Adaptive Structured Grid Generation
19.2  Unstructured Adaptive Methods
19.2.1 Mesh Refinement Methods (#-Methods)
19.2.1.1 Error Indicators
19.2.1.2 Two-Dimensional Quadrilateral Element
19.2.1.3 Three-Dimensional Hexahedral Element
19.2.2 Mesh Movement Methods (r-Methods)
19.2.3 Combined Mesh Refinement and Mesh Movement Methods
(hr-Methods)
19.2.4 Mesh Enrichment Methods (p-Method)
19.2.5 Combined Mesh Refinement and Mesh Enrichment Methods
(hp-Methods)
19.2.6 Unstructured Finite Difference Mesh Refinements
19.3 Summary
References

Computing Techniques
20.1 Domain Decomposition Methods
20.1.1 Multiplicative Schwarz Procedure
20.1.2 Additive Schwarz Procedure
20.2 Multigrid Methods
20.2.1 General
20.2.2 Multigrid Solution Procedure on Structured Grids
20.2.3 Multigrid Solution Procedure on Unstructured Grids
20.3 Parallel Processing
20.3.1 General
20.3.2 Development of Parallel Algorithms
20.3.3 Parallel Processing with Domain Decomposition and Multigrid
Methods
20.3.4 Load Balancing
20.4 Example Problems
20.4.1 Solution of Poisson Equation with Domain Decomposition
Parallel Processing
20.4.2 Solution of Navier-Stokes System of Equations
with Multithreading
20.5 Summary
References

PART FIVE. APPLICATIONS

21

Applications to Turbulence
21.1 General

617
617
619
621
622
622
623
627
627
628
628
630
634
639

640
644

645
650
652
652

654
654
655
660
661
661
661
665
666
666
667

671
674
676

676
678

683
684

689
689

Xiii



Xiv

22

21.2 Governing Equations
21.3 Turbulence Models
21.3.1 Zero-Equation Models
21.3.2 One-Equation Models
21.3.3 Two-Equation Models
21.3.4 Second Order Closure Models (Reynolds Stress Models)
21.3.5 Algebraic Reynolds Stress Models
21.3.6 Compressibility Effects
21.4 Large Eddy Simulation
21.4.1 Filtering, Subgrid Scale Stresses, and Energy Spectra
21.4.2 The LES Governing Equations for Compressible Flows
21.4.3 Subgrid Scale Modeling
21.5 Direct Numerical Simulation
21.5.1 General
21.5.2 Various Approaches to DNS
21.6 Solution Methods and Initial and Boundary Conditions
21.7 Applications
21.7.1 Turbulence Models for Reynolds Averaged Navier-Stokes
(RANS)
21.7.2 Large Eddy Simulation (LES)
21.7.3 Direct Numerical Simulation (DNS) for Compressible Flows
21.8 Summary
References

Applications to Chemically Reactive Flows and Combustion
22.1 General
22.2 Governing Equations in Reactive Flows
22.2.1 Conservation of Mass for Mixture and Chemical Species
22.2.2 Conservation of Momentum
22.2.3 Conservation of Energy
22.2.4 Conservation Form of Navier-Stokes System of Equations
in Reactive Flows
22.2.5 Two-Phase Reactive Flows (Spray Combustion)
22.2.6 Boundary and Initial Conditions
22.3 Chemical Equilibrium Computations
22.3.1 Solution Methods of Stiff Chemical Equilibrium Equations
22.3.2 Applications to Chemical Kinetics Calculations
22.4  Chemistry-Turbulence Interaction Models
22.4.1 Favre-Averaged Diffusion Flames
22.4.2 Probability Density Functions
22.4.3 Modeling for Energy and Species Equations
in Reactive Flows
22.4.4 SGS Combustion Models for LES
22.5 Hypersonic Reactive Flows
22.5.1 General
22.5.2 Vibrational and Electronic Energy in Nonequilibrium
22.6 Example Problems
22.6.1 Supersonic Inviscid Reactive Flows (Premixed Hydrogen-Air)

CONTENTS

690
693
693
696
696
700
702
703
706
706
709
709
713
713
714
715
716

716
718
726
728
731

734
734
735
735
739
740

742
746
748
750
750
754
755
755
758

763
764
766
766
768
775
775



CONTENTS

22.6.2 Turbulent Reactive Flow Analysis with Various RANS Models 780
22.6.3 PDF Models for Turbulent Diffusion Combustion Analysis 785
22.6.4 Spectral Element Method for Spatially Developing Mixing Layer 788
22.6.5 Spray Combustion Analysis with Eulerian-Lagrangian
Formulation 788
22.6.6 LES and DNS Analyses for Turbulent Reactive Flows 792
22.6.7 Hypersonic Nonequilibrium Reactive Flows with Vibrational
and Electronic Energies 798
22.7 Summary 802
References 802
23 Applications to Acoustics 806
23.1 Introduction 806
23.2 Pressure Mode Acoustics 808
23.2.1 Basic Equations 808
23.2.2 Kirchhoff’s Method with Stationary Surfaces 809
23.2.3 Kirchhoff’s Method with Subsonic Surfaces 810
23.2.4 Kirchhoff’s Method with Supersonic Surfaces 810
23.3 Vorticity Mode Acoustics 811
23.3.1 Lighthill’s Acoustic Analogy 811
23.3.2 Ffowcs Williams-Hawkings Equation 812
23.4 Entropy Mode Acoustics 813
23.4.1 Entropy Energy Governing Equations 813
23.4.2 Entropy Controlled Instability (ECI) Analysis 814
23.4.3 Unstable Entropy Waves 816
23.5 Example Problems 818
23.5.1 Pressure Mode Acoustics 818
23.5.2 Vorticity Mode Acoustics 832
23.5.3 Entropy Mode Acoustics 839
23.6 Summary 847
References 848
24 Applications to Combined Mode Radiative Heat Transfer 851
24.1 General 851
24.2 Radiative Heat Transfer 855
24.2.1 Diffuse Interchange in an Enclosure 855
2422 View Factors 858
24.2.3 Radiative Heat Flux and Radiative Transfer Equation 865
24.2.4 Solution Methods for Integrodifferential Radiative Heat
Transfer Equation 873
24.3 Radiative Heat Transfer in Combined Modes 874
24.3.1 Combined Conduction and Radiation 874
24.3.2 Combined Conduction, Convection, and Radiation 881
24.3.3 Three-Dimensional Radiative Heat Flux Integral Formulation 892
24.4 Example Problems 896
24.4.1 Nonparticipating Media 896
24.42 Solution of Radiative Heat Transfer Equation in
Nonparticipating Media 898

24.4.3 Participating Media with Conduction and Radiation 902



XVi

25

26

27

24.4.4 Participating Media with Conduction, Convection,
and Radiation
24.4.5 Three-Dimensional Radiative Heat Flux Integration

Formulation
24.5 Summary
References

Applications to Multiphase Flows
25.1 General
25.2  Volume of Fluid Formulation with Continuum Surface Force
252.1 Navier-Stokes System of Equations
25.2.2 Surface Tension
25.2.3 Surface and Volume Forces
25.2.4 Implementation of Volume Force
25.2.5 Computational Strategies
25.3 Fluid-Particle Mixture Flows
25.3.1 Laminar Flows in Fluid-Particle Mixture with Rigid Body
Motions of Solids
25.3.2 Turbulent Flows in Fluid-Particle Mixture
25.3.3 Reactive Turbulent Flows in Fluid-Particle Mixture
25.4 Example Problems
25.4.1 Laminar Flows in Fluid-Particle Mixture
25.4.2 Turbulent Flows in Fluid-Particle Mixture
25.4.3 Reactive Turbulent Flows in Fluid-Particle Mixture
25.5 Summary
References

Applications to Electromagnetic Flows
26.1 Magnetohydrodynamics
26.2 Rarefied Gas Dynamics
26.2.1 Basic Equations
26.2.2 Finite Element Solution of Boltzmann Equation
26.3 Semiconductor Plasma Processing
26.3.1 Introduction
26.3.2 Charged Particle Kinetics in Plasma Discharge
26.3.3 Discharge Modeling with Moment Equations
26.3.4 Reactor Model for Chemical Vapor Deposition (CVD) Gas Flow
26.4 Applications
26.4.1 Applications to Magnetohydrodynamic Flows in Corona Mass
Ejection
26.4.2 Applications to Plasma Processing in Semiconductors
26.5 Summary
References

Applications to Relativistic Astrophysical Flows

27.1 General

27.2 Governing Equations in Relativistic Fluid Dynamics
27.2.1 Relativistic Hydrodynamics Equations in Ideal Flows
27.2.2 Relativistic Hydrodynamics Equations in Nonideal Flows
27.2.3 Pseudo-Newtonian Approximations with Gravitational Effects

CONTENTS

902

906
910
910

912
912
914
914
916
918
920
921
923

923
926
927
930
930
931
932
934
934

937
937
941
941
943
946
946
949
953
955
956

956
957
962
963
965
965
966
966
968
973



CONTENTS

27.3 Example Problems
27.3.1 Relativistic Shock Tube
27.3.2 Black Hole Accretion
27.3.3 Three-Dimensional Relativistic Hydrodynamics
27.3.4 Flowfield Dependent Variation (FDV) Method for Relativistic
Astrophysical Flows
274 Summary
References

APPENDIXES

Three-Dimensional Flux Jacobians

Gaussian Quadrature

Two Phase Flow - Source Term Jacobians for Surface Tension

Relativistic Astrophysical Flow Metrics, Christoffel Symbols,
and FDV Flux and Source Term Jacobians

E Homework Problems

[ = T - - I

Index

974
974
975
976

977
983
984

989
995
1003

1009
1017
1029

XVii






Preface to the First Edition

This book is intended for the beginner as well as for the practitioner in computational
fluid dynamics (CFD). It includes two major computational methods, namely, finite
difference methods (FDM) and finite element methods (FEM) as applied to the nu-
merical solution of fluid dynamics and heat transfer problems. An equal emphasis on
both methods is attempted. Such an effort responds to the need that advantages and
disadvantages of these two major computational methods be documented and consoli-
dated into a single volume. This is important for a balanced education in the university
and for the researcher in industrial applications.

Finite volume methods (FVM), which have been used extensively in recent years,
can be formulated from either FDM or FEM. FDM is basically designed for structured
grids in general, but is applicable also to unstructured grids by means of FVM. Newideas
on formulations and strategies for CFD in terms of FDM, FEM, and FVM continue
to emerge, as evidenced in recent journal publications. The reader will find the new
developments interesting and beneficial to his or her area of applications. However,
the subject material is often inaccessible due to barriers caused by different training
backgrounds. Therefore, in this book, the relationship among all currently available
computational methods is clarified and brought to a proper perspective.

To the uninitiated beginner, this book will serve as a convenient guide toward the
desired destination. To the practitioner, however, preferences and biases built over the
years can be relaxed and redeveloped toward other possible options. Having studied all
methods available, the reader may then be able to pursue the most reasonable directions
to follow, depending on the specific physical problems of each reader’s own field of
interest. It is toward this flexibility that the present volume is addressed.

The book begins with Part One, Preliminaries, in which the basic principles of FDM,
FEM, and FVM are illustrated by means of a simple differential equation, each leading
to the identical exact solution. Most importantly, through these examples with step-by-
step hand calculations, the concepts of FDM, FEM, and FVM can be easily understood
in terms of their analogies and differences. The introduction (Chapter 1) is followed by
the general forms of governing equations, boundary conditions, and initial conditions
encountered in CFD (Chapter 2), prior to embarking on details of CFD methods.

Parts Two and Three cover FDM and FEM, respectively, including both histori-
cal developments and recent contributions. FDM formulations and solutions of vari-
ous types of partial differential equations are discussed in Chapters 3 and 4, whereas

Xix
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the counterparts for FEM are covered in Chapters 8 through 11. Incompressible and
compressible flows are treated in Chapters 5 and 6 for FDM and in Chapters 12
through 14 for FEM, respectively. FVM is included in both Part Two (Chapter 7) and
Part Three (Chapter 15) in accordance with its original point of departure. Historical
developments are important for the beginner, whereas the recent contributions are in-
cluded as they are required for advanced applications given in Part Five. Chapter 16,
the last chapter in Part Three, discusses the detailed comparison between FDM and
FEM and other methods in CFD.

Full-scale complex CFD projects cannot be successfully accomplished without au-
tomatic grid generation strategies. Both structured and unstructured grids are included.
Adaptive methods, computing techniques, and parallel processing are also important
aspects of the industrial CFD activities. These and other subjects are discussed in
Part Four (Chapters 17 through 20).

Finally, Part Five (Chapters 21 through 27) covers various applications including
turbulence, reacting flows and combustion, acoustics, combined mode radiative heat
transfer, multiphase flows, electromagnetic fields, and relativistic astrophysical flows.

It is intended that as many methods of CFD as possible be included in this text.
Subjects that are not available in other textbooks are given full coverage. Due to
a limitation of space, however, details of some topics are reduced to a minimum by
making a reference, for further elaboration, to the original sources.

This text has been classroom tested for many years at the University of Alabama in
Huntsville. It is considered adequate for four semester courses with three credit hours
each: CFD I (Chapters 1 through 4 and 8 through 11), CFD II (Chapters 5 through
7 and 12 through 16), CFD III (Chapters 17 through 20), and CFD IV (Chapters 21
through 27). In this way, the elementary topics for both FDM and FEM can be covered
in CFD I with advanced materials for both FDM and FEM in CFD II. FVM via FDM
and FVM via FEM are included in CFD I and CFD II, respectively. CFD III deals with
grid generation and advanced computing techniques covered in Part IV. Finally, the
various applications covered in Part V constitute CFD IV. Since it is difficult to study
all subject areas in detail, each student may be given an option to choose one or two
chapters for special term projects, more likely dictated by the expertise of the instructor,
perhaps toward thesis or dissertation topics.

Instead of providing homework assignments at the end of each chapter, some se-
lected problems are shown in Appendix E. An emphasis is placed on comparisons
between FDM, FEM, and FVM. Through these exercises, it is hoped that the reader
will gain appreciation for studying all available methods such that, in the end, advan-
tages and disadvantages of each method may be identified toward making decisions on
the most suitable choices for the problems at hand. Associated with Appendix E is a
Web site http://www.uah.edu/cfd that provides code (FORTRAN 90) for solutions of
some of the homework problems. The student may use this as a guide for programming
with other languages such as C++ for the class assignments.

More than three decades have elapsed since the author’s earlier book on FEM in
CFD was published [McGraw-Hill, 1978]. Recent years have witnessed great progress
in FEM, parallel with significant achievements in FDM. The author has personally
experienced the advantage of studying both methods on an equal footing. The purpose
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of this book is, therefore, to share the author’s personal opinion with the reader, wishing
that this idea may lead to further advancements in CFD in the future. It is hoped that
all students in the university will be given an unbiased education in all areas of CFD. It
is also hoped that the practitioners in industry will benefit from many alternatives that
may impact their new directions of future research in CFD applications.

In completing this text, the author recalls with sincere gratitude a countless number
of colleagues and students, both past and present. They have contributed to this book
in many different ways.

My association with Tinsley Oden has been an inspiration, particularly during the
early days of finite element research. Among many colleagues are S. T. Wu and Gerald
Karr, who have shared useful discussions in CFD research over the past three decades.

I express my sincere appreciation to Kader Frendi, who contributed to Sections 23.2
(pressure mode acoustics) and 23.3 (vorticity mode acoustics) and to Vladimir Kolobov
for Section 26.3.2 (semiconductor plasma processing).

My thanks are due to J. Y. Kim, L. R. Utreja, P. K. Kim, J. L. Sohn, S. K. Lee, Y. M.
Kim, O. Y. Park, C. S. Yoon, W. S. Yoon, P. J. Dionne, S. Warsi, L. Kania, G. R. Schmidt,
A. M. Elshabka, K. T. Yoon, S. A. Garcia, S. Y. Moon, L. W. Spradley, G. W. Heard,
R. G. Schunk, J. E. Nielsen, F. Canabal, G. A. Richardson, L. E. Amborski, E. K. Lee,
and G. H. Bowers, among others. They assisted either during the course of development
of earlier versions of my CFD manuscript or at the final stages of completion of this
book.

I would like to thank the reviewers for suggestions for improvement. I owe a debt
of gratitude to Lawrence Spradley, who read the entire manuscript, brought to my
attention numerous errors, and offered constructive suggestions. I am grateful to Francis
Wessling, Chairman of the Department of Mechanical & Aerospace Engineering, UAH,
who provided administrative support, and to S. A. Garcia and Z. Q. Hou, who assisted
in typing and computer graphics. Without the assistance of Z. Q. Hou, this text could
not have been completed in time. My thanks are also due to Florence Padgett, Engi-
neering Editor at Cambridge University Press, who has most effectively managed the
publication process of this book.

T. J. Chung
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Preface to the Revised Second Edition

This revised second edition of Computational Fluid Dynamics represents a significant
improvement from the first edition. However, the original idea of including all com-
putational fluid dynamics methods (FDM, FEM, FVM); all mesh generation schemes;
and physical applications to turbulence, combustion, acoustics, radiative heat transfer,
multiphase flow, electromagnetic flow, and general relativity is maintained. This unique
approach sets this book apart from its competitors and allows the instructor to adopt
this book as a text and choose only those subject areas of his or her interest.

The second edition includes new sections on finite element EBE-GMRES and a com-
plete revision of the section on the flowfield-dependent variation (FDV) method, which
demonstrates more detailed computational processes and includes additional example
problems. For those instructors desiring a textbook that contains homework assign-
ments, a variety of problems for FDM, FEM, and FVM are included in an appendix. To
facilitate students and practitioners intending to develop a large-scale computer code,
an example of FORTRAN code capable of solving compressible, incompressible, vis-
cous, inviscid, 1-D, 2-D, and 3-D for all speed regimes using the flowfield-dependent
variation method is available at http://www.uah.edu/cfd.



PART ONE

PRELIMINARIES

tion of differential equations in mathematical physics and engineering. Numer-

ical solutions were carried out by hand and using desk calculators for the first
half of the twentieth century, then by digital computers for the later half of the century.
In Section 1.1, a brief summary of the history of computational fluid dynamics (CFD)
will be given, along with the organization of text.

Before we proceed with details of CFD, simple examples are presented for the
beginner, demonstrating how to solve a simple differential equation numerically by
hand calculations (Sections 1.2 through 1.7). Basic concepts of finite difference meth-
ods (FDM), finite element methods (FEM), and finite volume methods (FVM) are
easily understood by these examples, laying a foundation or providing a motivation
for further explorations. Even the undergraduate student may be brought to an ad-
equate preparation for advanced studies toward CFD. This is the main purpose of
Preliminaries.

Furthermore, in Preliminaries, we review the basic forms of partial differential equa-
tions and some of the governing equations in fluid dynamics (Sections 2.1 and 2.2).
These include nonconservation and conservation forms of the Navier-Stokes system of
equations as derived from the first law of thermodynamics and are expressed in terms
of the control volume/surface integral equations, which represent various physical
phenomena such as inviscid/viscous, compressible/incompressible, subsonic/supersonic
flows, and so on.

Typical boundary conditions are briefly summarized, with reference to hyperbolic,
parabolic, and elliptic equations (Section 2.3). Examples of Dirichlet, Neumann, and
Cauchy (Robin) boundary conditions are also examined, with additional and more
detailed boundary conditions to be discussed later in the book.

_‘_ he dawn of the twentieth century marked the beginning of the numerical solu-






CHAPTER ONE

Introduction

1.1 GENERAL

1.1.1  HISTORICAL BACKGROUND

The development of modern computational fluid dynamics (CFD) began with the ad-
vent of the digital computer in the early 1950s. Finite difference methods (FDM) and
finite element methods (FEM), which are the basic tools used in the solution of par-
tial differential equations in general and CFD in particular, have different origins. In
1910, at the Royal Society of London, Richardson presented a paper on the first FDM
solution for the stress analysis of a masonry dam. In contrast, the first FEM work was
published in the Aeronautical Science Journal by Turner, Clough, Martin, and Topp
for applications to aircraft stress analysis in 1956. Since then, both methods have been
developed extensively in fluid dynamics, heat transfer, and related areas.

Earlier applications of FDM in CFD include Courant, Friedrichs, and Lewy [1928],
Evans and Harlow [1957], Godunov [1959], Lax and Wendroff [1960], MacCormack
[1969], Briley and McDonald [1973], van Leer [1974], Beam and Warming [1978], Harten
[1978, 1983], Roe [1981, 1984], Jameson [1982], among many others. The literature on
FDM in CFD is adequately documented in many text books such as Roache [1972,
1999], Patankar [1980], Peyret and Taylor [1983], Anderson, Tannehill, and Pletcher
[1984, 1997], Hoffman [1989], Hirsch [1988, 1990], Fletcher [1988], Anderson [1995],
and Ferziger and Peric [1999], among others.

Earlier applications of FEM in CFD include Zienkiewicz and Cheung [1965], Oden
[1972, 1988], Chung [1978], Hughes et al. [1982], Baker [1983], Zienkiewicz and Taylor
[1991], Carey and Oden [1986], Pironneau [1989], Pepper and Heinrich [1992]. Other
contributions of FEM in CFD for the past two decades include generalized Petrov-
Galerkin methods [Heinrich et al., 1977; Hughes, Franca, and Mallett, 1986; Johnson,
1987], Taylor-Galerkin methods [Donea, 1984; Lohner, Morgan, and Zienkiewicz, 1985],
adaptive methods [Oden et al., 1989], characteristic Galerkin methods [Zienkiewicz
et al., 1995], discontinuous Galerkin methods [Oden, Babuska, and Baumann, 1998],
and incompressible flows [Gresho and Sani, 1999], among others.

There is a growing evidence of benefits accruing from the combined knowledge
of both FDM and FEM. Finite volume methods (FVM), because of their simple data
structure, have become increasingly popular in recent years, their formulations being
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related to both FDM and FEM. The flowfield-dependent variation (FDV) methods
[Chung, 1999] also point to close relationships between FDM and FEM. Therefore,
in this book we are seeking to recognize such views and to pursue the advantage of
studying FDM and FEM together on an equal footing.

Historically, FDMs have dominated the CFD community. Simplicity in formulations
and computations contributed to this trend. FEMs, on the other hand, are known to be
more complicated in formulations and more time-consuming in computations. However,
this is no longer the case in many of the recent developments in FEM applications. Many
examples of superior performance of FEM have been demonstrated. Our ultimate goal
is to be aware of all advantages and disadvantages of all available methods so that if
and when supercomputers grow manyfold in speed and memory storage, this knowledge
will be an asset in determining the computational scheme capable of rendering the most
accurate results, and not be limited by computer capacity. In the meantime, one may
always be able to adjust his or her needs in choosing between suitable computational
schemes and available computing resources. It is toward this flexibility and desire that
this text is geared.

1.1.2 ORGANIZATION OF TEXT

This book covers the basic concepts, procedures, and applications of computational
methods in fluids and heat transfer, known as computational fluid dynamics (CFD).
Specifically, the fundamentals of finite difference methods (FDM) and finite element
methods (FEM) are included in Parts Two and Three, respectively. Finite volume meth-
ods (FVM) are placed under both FDM and FEM as appropriate. This is because FVM
can be formulated using either FDM or FEM. Grid generation, adaptive methods, and
computational techniques are covered in Part Four. Applications to various physical
problems in fluids and heat transfer are included in Part Five.

The unique feature of this volume, which is addressed to the beginner and the prac-
titioner alike, is an equal emphasis of these two major computational methods, FDM
and FEM. Such a view stems from the fact that, in many cases, one method appears
to thrive on merits of other methods. For example, some of the recent develop-
ments in finite elements are based on the Taylor series expansion of conservation vari-
ables advanced earlier in finite difference methods. On the other hand, unstructured
grids and the implementation of Neumann boundary conditions so well adapted in finite
elements are utilized in finite differences through finite volume methods. Either finite
differences or finite elements are used in finite volume methods in which in some cases
better accuracy and efficiency can be achieved. The classical spectral methods may be
formulated in terms of FDM or they can be combined into finite elements to generate
spectral element methods (SEM), the process of which demonstrates usefulness in di-
rect numerical simulation for turbulent flows. With access to these methods, readers are
given the direction that will enable them to achieve accuracy and efficiency from their
own judgments and decisions, depending upon specific individual needs. This volume
addresses the importance and significance of the in-depth knowledge of both FDM
and FEM toward an ultimate unification of computational fluid dynamics strategies in
general. A thorough study of all available methods without bias will lead to this goal.

Preliminaries begin in Chapter 1 with an introduction of the basic concepts of all
CFD methods (FDM, FEM, and FVM). These concepts are applied to solve simple
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one-dimensional problems. It is shown that all methods lead to identical results. In this
process, itis intended that the beginner can follow every step of the solution with simple
hand calculations. Being aware that the basic principles are straightforward, the reader
may be adequately prepared and encouraged to explore further developments in the
rest of the book for more complicated problems.

Chapter 2 examines the governing equations with boundary and initial conditions
which are encountered in general. Specific forms of governing equations and boundary
and initial conditions for various fluid dynamics problems will be discussed later in
appropriate chapters.

Part Two covers FDM, beginning with Chapter 3 for derivations of finite difference
equations. Simple methods are followed by general methods for higher order derivatives
and other special cases.

Finite difference schemes and solution methods for elliptic, parabolic, and hyper-
bolic equations, and the Burgers’ equation are discussed in Chapter 4. Most of the basic
finite difference strategies are covered through simple applications.

Chapter 5 presents finite difference solutions of incompressible flows. Artificial com-
pressibility methods (ACM), SIMPLE, PISO, MAC, vortex methods, and coordinate
transformations for arbitrary geometries are elaborated in this chapter.

In Chapter 6, various solution schemes for compressible flows are presented. Poten-
tial equations, Euler equations, and the Navier-Stokes system of equations are included.
Central schemes, first order and second order upwind schemes, the total variation dimin-
ishing (TVD) methods, preconditioning process for all speed flows, and the flowfield-
dependent variation (FDV) methods are discussed in this chapter.

Finite volume methods (FVM) using finite difference schemes are presented in
Chapter 7. Node-centered and cell-centered schemes are elaborated, and applications
using FDV methods are also included.

Part Three begins with Chapter 8, in which basic concepts for the finite element
theory are reviewed, including the definitions of errors as used in the finite element
analysis. Chapter 9 provides discussion of finite element interpolation functions.

Applications to linear and nonlinear problems are presented in Chapter 10 and
Chapter 11, respectively. Standard Galerkin methods (SGM), generalized Galerkin
methods (GGM), Taylor-Galerkin methods (TGM), and generalized Petrov-Galerkin
(GPG) methods are discussed in these chapters.

Finite element formulations for incompressible and compressible flows are treated in
Chapter 12 and Chapter 13, respectively. Although there are considerable differences
between FDM and FEM in dealing with incompressible and compresible flows, it is
shown that the new concept of flowfield-dependent variation (FDV) methods is capable
of relating both FDM and FEM closely together.

In Chapter 14, we discuss computational methods other than the Galerkin methods.
Spectral element methods (SEM), least squares methods (LSM), and finite point meth-
ods (FPM, also known as meshless methods or element-free Galerkin), are presented
in this chapter. Chapter 15 discusses finite volume methods with finite elements used as
a basic structure.

Finally, the overall comparison between FDM and FEM is presented in Chapter 16,
wherein analogies and differences between the two methods are detailed. Furthermore,
a general formulation of CFD schemes by means of the flowfield-dependent variation
(FDV) algorithm is shown to lead to most all existing computational schemes in FDM
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and FEM as special cases. Brief descriptions of available methods other than FDM,
FEM, and FVM such as boundary element methods (BEM), particle-in-cell (PIC) meth-
ods, Monte Carlo methods (MCM) are also given in this chapter.

Part Four begins with structured grid generation in Chapter 17, followed by unstruc-
tured grid generation in Chapter 18. Subsequently, adaptive methods with structured
grids and unstructured grids are treated in Chapter 19. Various computing techniques,
including domain decomposition, multigrid methods, and parallel processing, are given
in Chapter 20.

Applications of numerical schemes suitable for various physical phenomena are
discussed in Part Five (Chapters 21 through 27). They include turbulence, chemically
reacting flows and combustion, acoustics, combined mode radiative heat transfer, mul-
tiphase flows, electromagnetic flows, and relativistic astrophysical flows.

1.2 ONE-DIMENSIONAL COMPUTATIONS BY FINITE DIFFERENCE METHODS

In this and the following sections of this chapter, the beginner is invited to examine
the simplest version of the introduction of FDM, FEM, FVM via FDM, and FVM via
FEM, with hands-on exercise problems. Hopefully, this will be a sufficient motivation
to continue with the rest of this book.

In finite difference methods (FDM), derivatives in the governing equations are
written in finite difference forms. To illustrate, let us consider the second-order, one-
dimensional linear differential equation,

d2

d—xbz‘—2=0 0<x<l1 (12.1a)
with the Dirichlet boundary conditions (values of the variable u specified at the bound-
aries),

(1.2.1b)

u=0 atx=0
u=0 atx=1

for which the exact solution is # = x2 — x.

It should be noted that a simple differential equation in one-dimensional space with
simple boundary conditions such as in this case possesses a smooth analytical solution.
Then, all numerical methods (FDM, FEM, and FVM) will lead to the exact solution
even with a coarse mesh. We shall examine that this is true for this example problem.

The finite difference equations for du/dx and d’u/dx? are written as (Figure 1.2.1)

d i1 — U .
(_u) ~ Ml T forward difference (1.2.2a)
dx ), Ax
d P = Ui- :
(d—z>l ~ % backward difference (1.2.2b)
du Wiy — Ui .
— | — 1.2.2
( dx)i AT central difference ( c)

Pu_d (@) L A (de) (@]
dx?  dx\dx)  Ax|[\dx),, \dx),] Ax Ax Ax

(1.2.3)



1.3 ONE-DIMENSIONAL COMPUTATIONS BY FINITE ELEMENT METHODS

U, u

il ’

u AI
u,—u,_ ——
Ax
\\ U” —u
2Ax
Ax Ax
i1 i i+1 x

Figure 1.2.1 Finite difference approximations.

Substitute (1.2.3) into (1.2.1a) and use three grid points to obtain

Uiv1 — 2u; + iy

=2 1.24
A (1.2.4)
With u;_; = 0, u;41 = 0, as specified by the given boundary conditions, the solution at
x = 1/2 with Ax = 1/2 becomes u; = —1/4. This is the same as the exact solution given
by
= (x? _ ] 125
u = (x —x)x=%_—z (1.2.5)

In what follows, we shall demonstrate that the same exact solution is obtained, using
other methods: FEM and FVM.

1.3 ONE-DIMENSIONAL COMPUTATIONS BY FINITE ELEMENT METHODS

For illustration, let us consider a one-dimensional domain as depicted in Figure 1.3.1a.
Let the domain be divided into subdomains; say two local elements (e = 1, 2) in this
example as shown in Figure 1.3.1b,c. The end points of elements are called nodes.

l:' Q0<x<l) rj R b —
x=0 x=1 1 2 3
(a) (b)

(2)

.- . e ) o @, 2 of
21 2 1 N

o] ] e
2

—> X

o

x=h
0=0
(c) (d)

Figure 1.3.1 Finite element discretization for one-dimensional linear problem with two local el-
ements. (a) Given domain (£2) with boundaries (I'1 (x =0), I'2(x =1)). (b) Global nodes (o, B=1,
2, 3). (c) Local elements (N, M = 1, 2). (d) Local trial functions.
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Assume that the variable u(®)(x) is a linear function of x
u(x) = ay + apx (1.3.1)

Write two equations from (1.3.1) for x = 0 (node 1) and for x = & (node 2) in terms
of the nodal values of variables, uge) and uge), solve for the constants o; and oy, and

substitute them back into (1.3.1). These steps lead to
u®(x) = (1 - %)A‘” + ( h) © = o)) (N=1,2) (132)

where the repeated index implies summlng, u represents the nodal value of u at the
local node N for the element (¢), and & )(x) are called the local domain (element)
trial functions (alternatively known as interpolation functions, shape functions, or basis
functions),

o) =1- o (x) = % (1.3.3a)

X
h’
1

0<oY(x) < (1.3.3b)

These functions are shown in Figure 1.3.1d, indicating that trial functions assume the
value of one at the node under consideration and zero at the other node, linearly varying
in between.

There are many different ways to formulate finite element equations (as detailed
in Part Three). One of the simplest approaches is known as the Galerkin method. The
basic idea is to construct an inner product of the residual R of the local form of the
governing equation (1.2.1a) with the test functions chosen the same as the trial functions
given by (1.3.3) and in (1.3.2):

(@ (x). R9) = / o) (x )(dzu(e)(x) - 2>dx =0 (1.3.4)
0

This represents an orthogonal projection of the residual error onto the subspace spanned
by the test functions summed over the domain, which is then set equal to zero (implying
that errors are minimized), leading to the best numerical approximation of the solution
to the governing equation. Integrate (1.3.4) by parts to obtain

h

% () AU h dCD(e)(x) du(e)(x) h
(e) N (e)
o —| — dx